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Abstract
The effect of small-amplitude periodic shear on annealing of a shear band in binary glasses is
investigated using molecular dynamics simulations. The shear band is first introduced in stable
glasses via periodic shear at a strain amplitude slightly above the critical value, and then samples
are subjected to repeated loading during thousands of cycles at smaller amplitudes. It was found
that with increasing strain amplitude, the glasses are relocated to deeper potential energy levels,
while the energy change upon annealing is not affected by the glass initial stability. The results of
mechanical tests indicate that the shear modulus and yield stress both increase towards plateau
levels during the first few hundred cycles, and their magnitudes are greater for samples loaded at
larger strain amplitudes. The analysis of nonaffine displacements reveals that the shear band breaks
up into isolated clusters that gradually decay over time, leading to nearly reversible deformation
within the elastic range. These results might be useful for mechanical processing of metallic glasses
and additive manufacturing.
Keywords: metallic glasses, time periodic deformation, yielding transition, shear band, molecular
dynamics simulations
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I. INTRODUCTION
Understanding the structure evolution of amorphous alloys during thermal and mechan-
ical treatments is important for tuning their physical and mechanical properties [1]. It is
well accepted by now that in contrast to crystalline solids where plasticity is governed by
topological line defects, known as disclinations, the elementary plastic events in amorphous
materials involve collective rearrangements of a few tens of atoms or the so-called shear
transformations [2, 3]. In a driven system, these rearrangements can assemble into shear
bands where flow becomes sharply localized and act as a precursor for fracture [4–7]. Once
a shear band is formed, the structural integrity can be recovered either by heating a sample
above the glass transition temperature and then cooling back to the glass phase (resetting
the structure) or alternatively via mechanical agitation. For example, it was shown using
atomistic simulations that cracks in nanocrystalline metals can be completely healed via for-
mation of wedge disclinations during stress-driven grain boundary migration [8]. It was also
found experimentally and by means of atomistic simulations that after steady deformation
of bulk metallic glasses, the shear bands relax during annealing below the glass transition
temperature and the local diffusion coefficient exhibits a nonmonotonic behavior [9]. In the
case of amorphous solids, however, the effects of periodic loading and initial glass stability
on structural relaxation within the shear band domain, degree of annealing, and change in
mechanical properties yet remain to be understood.
During the last decade, molecular dynamics simulations were particularly valuable in
elucidating the atomic mechanisms of structural relaxation, rejuvenation, and yielding in
amorphous materials under periodic loading conditions [10–37]. Remarkably, it was found
that in athermal, disordered solids subjected to oscillatory shear in the elastic range, the
trajectories of atoms after a number of transient cycles become exactly reversible and fall
into the so-called ‘limit cycles’ [12, 14]. On the other hand, in the presence of thermal
fluctuations, the relaxation process generally continues during thousands of cycles and the
decay of the potential energy becomes progressively slower over time [21, 23, 28]. More
recently, it was shown that the critical strain amplitude increases in more stable athermal
glasses [33, 34], whereas the yielding transition can be significantly delayed in mechanically
annealed binary glasses at finite temperature [37]. In general, the formation of a shear band
during the yielding transition is accelerated in more rapidly annealed glasses periodically
2
loaded at a higher strain amplitude or when the shear orientation is alternated in two or
three spatial dimensions [19, 22, 27, 30, 35]. Interestingly, after a shear band is formed
during cyclic loading, the glass outside the band remains well annealed, and upon reducing
strain amplitude below yield, the initial shear band anneals out, which leads to reversible
dynamics in the whole domain [27]. However, despite extensive efforts, it remains unclear
whether mechanical annealing of a shear band or a crack in metallic glasses depends on the
preparation history, sample size and loading conditions.
In this paper, the influence of periodic shear deformation in the elastic range on shear band
annealing and mechanical properties of binary glasses is studied using molecular dynamics
simulations. The system-spanning shear band is initially formed in stable glasses that were
either thermally or mechanically annealed. It will be shown that small-amplitude oscillatory
shear anneals out the shear band and leads to nearly reversible deformation after a few
hundred cycles at finite temperature. Moreover, upon loading at a higher strain amplitude,
the glasses become increasingly better annealed, which results in higher yield stress.
The rest of the paper is outlined as follows. The preparation procedure, deformation
protocol as well as the details of the simulation model are described in the next section. The
time dependence of the potential energy, mechanical properties, and spatial organization of
atoms with large nonaffine displacements are presented in section III. The results are briefly
summarized in the last section.
II. MOLECULAR DYNAMICS (MD) SIMULATIONS
In the present study, the amorphous alloy is represented by the (80:20) binary Lennard-
Jones (LJ) mixture originally introduced by Kob and Andersen (KA) about twenty years
ago [38]. In this model, the interaction between different types of atoms is strongly non-
additive, thus, allowing formation of a disordered structure upon slow cooling below the
glass transition temperature [38]. More specifically, the pairwise interaction is modeled via
the LJ potential, as follows:
Vαβ(r) = 4 εαβ
[(σαβ
r
)12
−
(σαβ
r
)6 ]
, (1)
with the parameters: εAA = 1.0, εAB = 1.5, εBB = 0.5, σAA = 1.0, σAB = 0.8, σBB = 0.88,
and mA = mB [38]. It should be mentioned that a similar parametrization was used by
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Weber and Stillinger to study the amorphous metal-metalloid alloy Ni80P20 [39]. To save
computational time, the LJ potential was truncated at the cutoff radius rc, αβ = 2.5σαβ. The
total number of atoms is fixed N = 60 000 throughout the study. For clarity, all physical
quantities are reported in terms of the reduced units of length, mass, and energy σ = σAA,
m = mA, and ε = εAA. Using the LAMMPS parallel code, the equations of motion were
integrated via the velocity Verlet algorithm with the time step 4tMD = 0.005 τ , where
τ = σ
√
m/ε is the LJ time [40, 41].
All simulations were carried out at a constant density ρ = ρA+ρB = 1.2σ
−3 in a periodic
box of linear size L = 36.84σ. It was previously found that the computer glass transition
temperature of the KA model at the density ρ = 1.2σ−3 is Tc = 0.435 ε/kB [38]. The system
temperature was maintained via the Nose´-Hoover thermostat [40, 41]. After a thorough
equilibration and a gradual annealing at the temperature TLJ = 0.01 ε/kB, the system was
subjected to a periodic shear deformation along the xz plane as follows:
γ(t) = γ0 sin(2pit/T ), (2)
where γ0 is the strain amplitude and T = 5000 τ is the period of oscillation. The correspond-
ing oscillation frequency is ω = 2pi/T = 1.26 × 10−3 τ−1. Once a shear band was formed
at γ0 = 0.080, the glasses were periodically strained at the strain amplitudes γ0 = 0.030,
0.040, 0.050, 0.060, and 0.065 during 3000 cycles. It was previously found that in the case
of poorly annealed (rapidly cooled) glasses, the critical value of the strain amplitude at
the temperature TLJ = 0.01 ε/kB and density ρ = 1.2σ
−3 is γ0 ≈ 0.067 [35]. The typical
simulation during 3000 cycles takes about 80 days using 40 processors in parallel.
For the simulation results presented in the next section, the preparation and the initial
loading protocols are identical to the ones used in the previous MD study [37]. Briefly, the
binary mixture was first equilibrated at TLJ = 1.0 ε/kB and ρ = 1.2σ
−3 and then slowly
cooled with the rate 10−5ε/kBτ to TLJ = 0.30 ε/kB. Furthermore, one sample was cooled
down to TLJ = 0.01 ε/kB during the time interval 10
4 τ . The other sample was mechanically
annealed at TLJ = 0.30 ε/kB via cyclic loading at γ0 = 0.035 during 600 cycles, and only then
cooled to TLJ = 0.01 ε/kB during 10
4 τ . Thus, after relocating glasses to TLJ = 0.01 ε/kB,
two glass samples with different processing history and potential energies were obtained.
In what follows, these samples will be referred to as thermally annealed and mechanically
annealed glasses.
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III. RESULTS
Amorphous alloys typically undergo physical aging, when a system slowly evolves towards
lower energy states, and this process can be accelerated by external cyclic deformation [42].
Thus, the structural relaxation of disordered solids under periodic loading proceeds via col-
lective, irreversible rearrangements of atoms [11, 21, 22, 24], while at sufficiently low energy
levels, mechanical annealing becomes inefficient [33]. The two glass samples considered in
the present study were prepared either via mechanical annealing at a temperature not far
below the glass transition temperature or by computationally slow cooling from the liquid
state. It was previously shown that small-amplitude periodic shear deformation at temper-
atures well below Tg does not lead to further annealing of these glasses [37]. Rather, the
results presented below focus on the annealing process of a shear band, introduced in these
samples by large periodic strain, and subsequent recovery of their mechanical properties.
The time dependence of the potential energy at the end of each cycle is reported in Fig. 1
for the thermally annealed glass. In this case, the glass was first subjected to oscillatory shear
during 200 cycles with the strain amplitude γ0 = 0.080 (see the black curve in Fig. 1). The
strain amplitude γ0 = 0.080 is slightly larger than the critical strain amplitude γ0 ≈ 0.067
at TLJ = 1.0 ε/kB and ρ = 1.2σ
−3 [35], and, therefore, the periodic loading induced the
formation of a shear band across the system after about 20 cycles. As shown in Fig. 1,
the process of shear band formation is associated with a sharp increase in the potential
energy followed by a plateau at U ≈ −8.26 ε with pronounced fluctuations due to plastic
flow within the band. It was previously demonstrated that during the plateau period,
the periodic deformation involves two well separated domains with diffusive and reversible
dynamics [37].
After the shear band became fully developed in the thermally annealed glass, the strain
amplitude of periodic deformation was reduced in the range 0.030 6 γ0 6 0.065 when
t = 200T . The results in Fig. 1 indicate that the potential energy of the system is gradually
reduced when t > 200T , and the energy drop increases at higher strain amplitudes (except
for γ0 = 0.065). Notice that the potential energy levels out at t & 1300T for γ0 = 0.030,
0.040, and 0.050, while the relaxation process continues up to t = 3200T for γ0 = 0.060.
These results imply that the shear band becomes effectively annealed by the small-amplitude
oscillatory shear, leading to nearly reversible dynamics in the whole sample, as will be
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illustrated below via the analysis of nonaffine displacements. By contrast, the deformation
within the shear band remains irreversible at the higher strain amplitude γ0 = 0.065 (denoted
by the fluctuating grey curve in Fig. 1). This observation can be rationalized by realizing
that the strain remains localized within the shear band, and the effective strain amplitude
within the band is greater than the critical value γ0 ≈ 0.067 [35].
The potential energy minima for the mechanically annealed glass are presented in Fig. 2
for the indicated strain amplitudes. It should be commented that the preparation protocol,
which included 600 cycles at γ0 = 0.035 and TLJ = 0.30 ε/kB, produced an atomic con-
figuration with a relatively deep potential energy level, i.e., U ≈ −8.337 ε. Upon periodic
loading at γ0 = 0.080 and TLJ = 0.01 ε/kB, the yielding transition is delayed by about 450
cycles, as shown by the black curve in Fig. 2 (the same data as in Ref. [37]). Similarly to
the case of thermally annealed glasses, the potential energy in Fig. 2 is gradually reduced
when the strain amplitude is changed from γ0 = 0.080 to the selected values in the range
0.030 6 γ0 6 0.065. Interestingly, the largest decrease in the potential energy at the strain
amplitude γ0 = 0.060 is nearly the same (∆U ≈ 0.03 ε) for both thermally and mechanically
annealed glasses. In addition, it can be commented that in both cases presented in Figs. 1
and 2, the potential energy remains above the energy levels of initially stable glasses (before
a shear band is formed) even for loading at the strain amplitude γ0 = 0.060. The results
of a previous MD study on mechanical annealing of rapidly quenched glasses imply that the
energy level U ≈ −8.31 ε can be reached via cyclic loading at TLJ = 0.01 ε/kB but it might
take thousands of additional cycles [35].
While the potential energy within a shear band becomes relatively large, the energy of the
glass outside the band remains largely unaffected during the yielding transition. As shown
above, the mechanically annealed glass is initially more stable (has a lower potential energy)
than the thermally annealed glass. This in turn implies that the boundary conditions for the
subyield loading of the shear band are different in the two cases, and, therefore, the potential
energy change during the relaxation process, in principle, might also vary. In other words,
the annealing of the shear band by small-amplitude periodic deformation might be affected
by the atomic structure of the adjacent glass. However, the results in Figs. 1 and 2 suggest
that the potential energy change is roughly the same in both cases; although a more careful
analysis might be needed in the future to clarify this point.
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We next report the results of mechanical tests that involve startup continuous shear
deformation in order to probe the effect of small-amplitude periodic loading on the yield
stress. The shear modulus, G, and the peak value of the stress overshoot, σY , are plotted
in Figs. 3 and 4 for glasses that were periodically deformed with the strain amplitudes
γ0 = 0.030 and 0.060. In each case, the startup deformation was imposed along the xy,
xz, and yz planes with the constant strain rate γ˙ = 10−5 τ−1. The data are somewhat
scattered, since simulations were carried out only for one realization of disorder, but the
trends are evident. First, both G and σY are relatively small when shear is applied along
the xz plane at t = 200T in Fig. 3 and at t = 1000T in Fig. 4 because of the shear band that
was formed previously at γ0 = 0.080. Second, the shear modulus and yield stress increase
towards plateau levels during the next few hundred cycles, and their magnitudes are greater
for the larger strain amplitude γ0 = 0.060, since those samples were annealed to deeper
energy states (see Figs. 1 and 2).
The results in Figures 3 (b) and 4 (b) show that the yield stress is only weakly dependent
on the number of cycles in glasses that were periodically strained at the smaller amplitude
γ0 = 0.030, whereas for γ0 = 0.060, the yield stress increases noticeably and levels out at
σY ≈ 0.9 εσ−3 for the mechanically annealed glass and at a slightly smaller value for the
thermally annealed glass. It was previously shown that the yield stress is slightly larger,
i.e., σY ≈ 1.05 εσ−3, for rapidly quenched glasses that were mechanically annealed at the
strain amplitude γ0 = 0.060 for similar loading conditions [28]. This discrepancy might
arise because in Ref. [28] the glass was homogenously annealed starting from the rapidly
quenched state, while in the present study, the potential energy within the annealed shear-
band domain always remains higher than in the rest of the sample, thus resulting in spatially
heterogeneous structure. On the other hand, it was recently shown that the presence of an
interface between relaxed and rejuvenated domains in a relatively large sample might impede
strain localization [43].
The relative rearrangements of atoms with respect to their neighbors in a deformed amor-
phous system can be conveniently quantified via the so-called nonaffine displacements. By
definition, the nonaffine measure D2(t,∆t) for an atom i is computed via the transformation
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matrix Ji that minimizes the following expression for a group of neighboring atoms:
D2(t,∆t) =
1
Ni
Ni∑
j=1
{
rj(t+ ∆t)− ri(t+ ∆t)− Ji
[
rj(t)− ri(t)
]}2
, (3)
where ∆t is the time interval between two atomic configurations, and the summation is
performed over the nearest neighbors located within 1.5σ from the position of the i-th atom
at ri(t). The nonaffine quantity defined by Eq. (3) was originally introduced by Falk and
Langer in order to accurately detect the localized shear transformations that involved swift
rearrangements of small groups of atoms in driven disordered solids [44]. In the last few
years, this method was widely used to study the collective, irreversible dynamics of atoms in
binary glasses subjected to time periodic [15, 17, 19, 21, 22, 28, 30, 31, 33, 35] and startup
continuous [45–51] shear deformation, tension-compression cyclic loading [23, 32], prolonged
elastostatic compression [52, 53], and thermal cyclic loading [54–57].
The representative snapshots of thermally annealed glasses are presented in Fig. 5 for
the strain amplitude γ0 = 0.030 and in Fig. 6 for γ0 = 0.060. For clarity, only atoms with
relatively large nonaffine displacements during one oscillation period are displayed. Note
that the typical cage size at ρ = 1.2σ−3 is about 0.1σ [10], and, therefore, the displacements
of atoms with D2(nT, T ) > 0.04σ2 correspond to cage-breaking events. It can be clearly
seen in the panel (a) of Figures 5 and 6, that the shear band runs along the yz plane right
after switching to the subyield loading regime. As expected, the magnitude of D2(200T, T )
on average decays towards the interfaces. Upon continued loading, the shear band becomes
thinner and eventually breaks up into isolated clusters whose size is reduced over time. The
coarsening process is significantly slower for the strain amplitude γ0 = 0.060 (about 1000
cycles) than for γ0 = 0.030 (about 200 cycles). This trend is consistent with the decay of
the potential energy denoted in Fig. 1 by the red and orange curves.
Similar conclusions can be drawn by visual inspection of consecutive snapshots of the
mechanically annealed glass cyclically loaded at the strain amplitude γ0 = 0.030 (see Fig. 7)
and at γ0 = 0.060 (see Fig. 8). It can be observed that the shear band is initially oriented
along the xy plane, which is consistent with a relatively large value of the yield stress along
the xy direction at t = 1000T in Fig. 4. The atomic trajectories become nearly reversible
already after about 10 cycles at the strain amplitude γ0 = 0.030, as shown in Fig. 7, while
isolated clusters of atoms with large nonaffine displacements are still present after about
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2000 cycles at γ0 = 0.060 (see Fig. 8). Altogether these results indicate that oscillatory
shear deformation with a strain amplitude just below the critical value can be used to
effectively anneal a shear band and make the amorphous material stronger.
IV. CONCLUSIONS
In summary, the process of shear band annealing in metallic glasses subjected to small-
amplitude periodic shear deformation was examined using molecular dynamics simulations.
The glass was modeled as a binary mixture with non-additive interaction between atoms of
different types, and the shear band was initially developed in stable glasses under oscillatory
shear above the yielding point. It was shown that periodic loading in the elastic range results
in a gradual decay of the potential energy over consecutive cycles, and upon increasing strain
amplitude, lower energy states can be accessed after thousands of cycles. Furthermore, the
spatiotemporal analysis of nonaffine displacements demonstrated that a shear band becomes
thinner and breaks into separate clusters whose size is reduced upon continued loading.
Thus, in a wide range of strain amplitudes below yield, the cyclic loading leads to a nearly
reversible dynamics of atoms at finite temperature. Lastly, both the shear modulus and
yield stress saturate to higher values as the shear band region becomes better annealed at
higher strain amplitudes.
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FIG. 1: (Color online) The dependence of the potential energy minima (at zero strain) on the
number of cycles for the indicated values of the strain amplitude. The shear band was formed in
the thermally annealed glass during the first 200 cycles at the strain amplitude γ0 = 0.080 (the
black curve). The system temperature is TLJ = 0.01 ε/kB and the oscillation period is T = 5000 τ .
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FIG. 2: (Color online) The variation of the potential energy (at the end of each cycle) as a
function of the cycle number for the selected strain amplitudes. The shear band was introduced
in the mechanically annealed glass after 1000 cycles at the strain amplitude γ0 = 0.080 (the black
curve; see text for details). The time is reported in terms of oscillation periods, i.e., T = 5000 τ .
The temperature is TLJ = 0.01 ε/kB.
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FIG. 3: (Color online) The shear modulus G (in units of εσ−3) and yielding peak σY (in units of
εσ−3) as a function of the cycle number for the thermally annealed glass. The startup continuous
shear with the strain rate γ˙ = 10−5 τ−1 was applied along the xy plane (circles), xz plane (squares),
and yz plane (diamonds). Before startup deformation, the samples were periodically deformed with
the strain amplitudes γ0 = 0.030 (solid blue) and γ0 = 0.060 (dashed red). The time range is the
same as in Fig. 1.
17
1000 2000 3000 4000
t / T
0.6
0.7
0.8
0.9
σ
Y
5
10
15
20
G xy
xz
yz
FIG. 4: (Color online) The shear modulus G (in units of εσ−3) and yielding peak σY (in units
of εσ−3) versus cycle number for the mechanically annealed glass. The startup shear deformation
with the strain rate γ˙ = 10−5 τ−1 was imposed along the xy plane (circles), xz plane (squares),
and yz plane (diamonds). Before continuous shear, the samples were cyclically deformed with the
strain amplitudes γ0 = 0.030 (solid blue) and γ0 = 0.060 (dashed red). The same cycle range as in
Fig. 2.
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FIG. 5: (Color online) A series of snapshots of atomic configurations during periodic shear with
the strain amplitude γ0 = 0.030. The loading conditions are the same as in Fig. 1 (the red curve).
The nonaffine measure in Eq. (3) is (a) D2(200T, T ) > 0.04σ2, (b) D2(205T, T ) > 0.04σ2, (c)
D2(220T, T ) > 0.04σ2, and (d) D2(300T, T ) > 0.04σ2. The colorcode in the legend denotes the
magnitude of D2. Atoms are not shown to scale.
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FIG. 6: (Color online) The position of atoms in the thermally annealed glass subjected to periodic
shear with the strain amplitude γ0 = 0.060. The corresponding potential energy is denoted by the
orange curve in Fig. 1. The nonaffine measure is (a) D2(200T, T ) > 0.04σ2, (b) D2(220T, T ) >
0.04σ2, (c) D2(300T, T ) > 0.04σ2, and (d) D2(1200T, T ) > 0.04σ2. The magnitude of D2 is
defined in the legend.
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FIG. 7: (Color online) Instantaneous snapshots of the binary glass periodically sheared with the
strain amplitude γ0 = 0.030. The data correspond to the red curve in Fig. 2. The nonaffine quantity
is (a) D2(1000T, T ) > 0.04σ2, (b) D2(1005T, T ) > 0.04σ2, (c) D2(1010T, T ) > 0.04σ2, and (d)
D2(1100T, T ) > 0.04σ2. The colorcode denotes the magnitude of D2.
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FIG. 8: (Color online) Atomic positions in the binary glass cyclically loaded at the strain am-
plitude γ0 = 0.060. The data are taken from the selected time intervals along the orange curve
in Fig. 2. The nonaffine quantity is (a) D2(1000T, T ) > 0.04σ2, (b) D2(1100T, T ) > 0.04σ2, (c)
D2(1200T, T ) > 0.04σ2, and (d) D2(3000T, T ) > 0.04σ2. D2 is defined in the legend.
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